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The main problem of Markowitz' [1952 Markowitz' [ , 1959 portfolio theory is the estimation of the required parameters: expected values, variances and covariances of individual asset returns. The input parameters are estimated and the optimization procedure assumes that they are true values of return moments. However, future returns are random variables and their true values differ from their expected values. Extreme short sale positions often result from optimization algorithms or, if portfolio weights are bounded between zero and one, only few assets will be incorporated into the optimal portfolio. If the parameters have been estimated correctly, the resulting portfolio weights obviously lead to the highest preference level. However, if the parameters deviate from the forecast, the poorly diversified portfolio could achieve a poor preference level, if the chosen assets develop suboptimally. Furthermore, the optimal weight vector is very sensitive towards input parameters. Marginal changes in expected returns can result in large variations of portfolio weights. Regarding changes in variances and covariances, the sensitivity of weights is not as pronounced as with changes in expected returns (Best and Grauer [1991] , Chopra and Ziemba [1993] ).
To mitigate these problems, Black and Litterman [1992] have developed a procedure that combines equilibrium expected returns with prior beliefs of investors. By applying their model more balanced portfolios result and only those asset weights vary from the associated market weights for which views are proposed. Due to the intuitive portfolio composition the Black-Litterman model has been widely accepted in practice, and further developments and specifications have been suggested in the literature. Satchell and Scowcroft [2000] and Qian and Gorman [2001] extend the approach of Black- Litterman to the second moments of distribution -variances and covariances of asset returns. Meucci [2006] , Beach and Orlov [2007] , and Martellini and Ziemann [2007] include non-normally distributed returns and consider fat tails, which is essential for hedge funds and derivatives. The literature emphasizes that establishing an investor's view for the Black-Litterman model is rather difficult. For instance, several authors employ factor models for setting up subjective views. Fabozzi, Focardi, and Kolm [2006] combine equilibrium returns with a cross sectional momentum strate-gy for application of the Black-Litterman model. Jones, Lim, and Zangari [2007] use Fama and French's [1992] factors HML and SMB and the momentum factor of Carhart [1997] to assess views. The potential disadvantage of applying a factor model is that identified relations of past data are projected into the future. For adequate views the assumption of a stable dependency between returns and selected factors has to be satisfied. Furthermore, most authors simply implement the historical confidence matrix of views, see, for example Herold [2003] , Qian and Gorman [2001] .
We detach ourselves from the past and utilize analysts' forecasts, as they are geared to the future per se. The literature of valuation models for the derivation of implied equity returns based on analysts' forecasts has made a rapid development during the last years. We implement such a model because an application of analysts' forecasts to the Black-Litterman model appears to be promising.
Some contributions to the implementation of specific analysts' views in the Black-Litterman approach already exist, but analysts typically do not make predictions in the way they are presented in the literature. Herold [2003] is an exception. He utilizes qualitative forecasts to construct portfolios with the Black-Litterman model. In the framework of active portfolio management, the optimal portfolio is chosen such that it reaches a given tracking error. However, portfolio composition is based on a single analyst's forecast and not on a number of analysts' forecasts. Beyond that Herold
[2003] employs historical confidences, as noted before.
If, furthermore, institutional investors are only familiar with particular market segments like "Stocks US", but have no expertise in "Stocks Europe", applying the Black-Litterman model would restrict them to hold the market in European stocks.
1 Private investors possibly have no views at all.
They should implement the market portfolio, too -the application of the Black-Litterman model would be dispensable in this case. To benefit from the expertise of analysts and deviate from the market portfolio in rather unfamiliar market segments, we describe two possibilities of how views can be quantified for being used with the Black-Litterman procedure. We resort to the number of analysts' forecasts and a Monte-Carlo simulation for the generation of prior beliefs by implement-ing a future-oriented valuation model. In our empirical examination, the out-of-sample performance of the methods is compared to several benchmark portfolios.
REVIEW OF THE BLACK-LITTERMAN MODEL
In their model, Black and Litterman [1992] combine equilibrium expected returns with investor views in order to calculate a new vector of expected returns BL , which is then integrated into the Markowitz optimization. The purpose of optimization with these new input parameters is to gain relatively balanced portfolios without the implementation of long-only constraints or other restrictions.
It is assumed that return vector r of N assets is multivariate normally distributed with N 1 expected return vector and N N variance-covariance matrix : r N , ∼
. Variancecovariance matrix is supposed to be known. 2 The vector of expected returns is a random vector that follows a multivariate normal distribution with known parameters , and :
The variance-covariance matrix of expected returns is chosen to be a multiple of the variancecovariance matrix of returns r with scaling factor 0 . This factor is not predetermined in the approach of Black-Litterman. Since uncertainty in expected returns is smaller than uncertainty in returns, Black-Litterman propose to implement a small . is the N 1 equilibrium expected return vector and serves as a neutral reference point. Black and Litterman use the market portfolio as a starting point for expected returns. 3 Thereby, the expected returns of the market portfolio are calculated via a reverse optimization. By maximizing the assumed preference function of an investor
where P is the expected portfolio return, 2 P the portfolio variance, and the risk aversion parameter, the optimal weight vector X is determined by
Solving this equation for the expected return vector , X
is obtained. Thus, the vector of equilibrium returns is a multiple of the product of variancecovariance matrix and asset weight vector X. The optimal asset weights j x are given through the proportion of market capitalizations. Finally, the only missing component for the calculation of by using equation (3) is risk aversion . Taking the capital asset pricing model (CAPM) as a basis, the risk aversion parameter is determined as the market price of risk.
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As an additional opinion, investors can express k views or prior beliefs about returns in the following form:
where Q is a k 1 vector of k forecast return expectations and P is a known k N pick matrix of views. The k 1 error term follows a multivariate normal distribution with expected value zero and variance-covariance matrix -the view confidence matrix. Following Black and Litterman [1992] , is a diagonal matrix, thus, views are independent. Entry ss on the diagonal identifies the investor's confidence concerning the respective view: the bigger the entry, the less certain the investor is in view s. The beliefs can be indicated absolute as well as relative and there is no need for a view for every asset.
Applying the Bayesian rule to the equilibrium and investor's beliefs, Black-Litterman obtain the following expected return vector
In the literature, an alternative but equivalent notation is often used
Note that this expected return is a matrix weighted combination of equilibrium return vector and investor's views Q.
Problems with the Application of the Black-Litterman Model
As described above, the Black-Litterman model requires own views about return expectations of the investment horizon. The setting up of equation (4) could, for example, be deduced from the investor's beliefs (a) and (b):
(a) The investor is sure that the expected return of asset 1 will amount to 20 %.
(b) With a probability of 70 %, the investor believes that the difference of the expected returns of asset 1 and an equally weighted portfolio of assets 3 and 4 will amount to 5 % to 7 %.
For an investment horizon of four stocks, these views are set up according to (4): 
The view confidence is expressed through a probability that has to be converted to a variance. The more certain an investor is concerning his belief, the smaller is the variance at the respective position in matrix . In reality analysts do not typically make predictions in the manner presented in the example, implying this possibility of employing forecasts for the application of the BlackLitterman model not to be given. Thus, private investors, who possibly do not have any information about stocks, would only realize the market portfolio. Moreover, institutional investors, who have no prior beliefs in certain market segments, would, by application of the Black-Litterman Model, hold the market portfolio in these particular fields, too, which turns the Black-Litterman model to be dispensable.
In order to make use of analysts' expertise for the formulation of views and thereby utilize future expectations in contrast to historical estimations, we describe methods to generate beliefs according to (a) and (b) for the Black-Litterman model with the help of analysts' dividend forecasts. Moreover, our methods afford the possibility of diverging from the market portfolio in less conversant segments.
THE USE OF ANALYSTS' FORECASTS Determining Views from the Number of Analysts' Forecasts
Historical expected equity returns have proved to be poor estimators for future returns.
5 Due to the necessity of finding better estimators for future returns, the literature on determination of implied equity returns on the basis of valuation models has rapidly developed during the last years.
There are many empirical examinations of valuation models (e.g., dividend discount model, discounted cash flow model, residual income model, Ohlson and Jüttner-Nauroth [2005] model), which are based on analyst forecasts concerning several parameters, and the models achieve good results in comparison to historical estimations. 6 In the following, views based on the dividend discount model according to Williams [1938] and Gordon [1959 Gordon [ , 1966 will be derived. Views can be deduced in almost the same manner on the basis of other valuation models.
In the dividend discount model, the expected stock return g of dividends is assumed:
Every month t, the following financial data concerning the expected dividends are provided: mean g estimate is also available.
7 By application of these growth rates we assume a constant dividend payout ratio, since dividend and earnings growth are equal in this case. Now the question arises how the confidence interval and the confidence probability of the views can be determined using data of analysts' forecasts at hand.
In validity tests for the evaluation of calculated expected returns from the above mentioned valuation models, a regression of different risk factors (e.g. beta, debt-equity ratio, market capitalization, information risk) on expected returns is often carried out. 8 Thereby, a certain relation between a specified risk factor and the expected returns is assumed and it is analyzed, whether this relation can be proved. Concerning the information risk, it is supposed that a larger amount of information available on a company reduces its cost of capital. As a measure for the information risk, Botosan and Plumlee [2005] , for example, choose the distance between lowest and highest forecast of a stock. They emphasize that this distance reflects the uncertainty of forecasts. Brennan, Jegadeesh, and Swaminathan [1993] point out that prices of companies with larger analyst coverage react to market information more quickly. Gebhardt, Lee, and Swaminathan [2001] implement these examination results by also taking the number of analysts' forecasts as a measure for the information risk -the more analysts' forecasts at hand, the lower the cost of equity capital. In this contribution, we also assume that the uncertainty of analysts' forecasts is larger for fewer analysts' forecasts and vice versa.
In the following, the number of analysts' forecasts will be linked to the view confidence. In order to generate the return interval (t ) i,lo and (t) i,hi of analysts' views, such as in the example, we compute these returns per point in time t and stock i by solving (9) and (10) implicitly for all other variables given: (8), the number of analysts' forecasts for the last (third) year is taken as a basis for the calculation of the confidence probability. As a starting point, the maximum number of analysts' forecasts that are given over the whole period of time in question for every single stock is marked with a confidence probability of 100 %. 9 Thus, if the maximum number of forecasts given for stock A is 40 and 40 analysts make forecasts for the third year of stock A at one point in time, the confidence probability for the particular interval is 100 %. If no forecast was made for the third year of one asset at one point in time, the confidence probability would be 0 %. The confidence probability is then linearly interpolated between 0 % and 100 % based on the number of analysts' forecasts for the third forthcoming year for every stock at every point in time. The confidence matrix determined this way is denoted by NE . Consequently, forecasts according to (4) are: 
In this case, view matrix P is an identity matrix, as an absolute forecast is available for every stock. Equation (5) is then simplified and the respective Black-Litterman return is denoted by
If analysts' forecasts are missing for some stocks in the portfolio, these can be ignored in the view matrix without further ado. At last, we get market weights as optimal weights for assets without views.
Determining Views by a Monte-Carlo Simulation
View confidence matrix can also be determined by directly converting standard deviations of analysts' dividend forecasts into standard deviations for investors' expected returns. To this end, a Monte-Carlo simulation is carried out in order to compute the standard deviation of expected returns. For stock i at time t the number S = 1.000 of random variables are drawn in the following way: expected dividends 
ADDITIONAL MODELS FOR THE ESTIMATION OF VIEW CONFI-

DENCES Historical Variance-Covariance Matrix
A further possibility of determining the view confidence matrix is to use the historical variance-covariance matrix of the specified views. Here, it is assumed that relations of stocks in the past are also valid for the future. In this case view confidence matrix is calculated in the following way:
If we look at a certain view portfolio, that is, a certain row k from view matrix k P and at first multiply it by variance-covariance matrix and then by column vector ' k P , we get the portfolio variance of the view portfolio hist,kk k k
Since in our approach the view matrix P is an identity matrix, the confidence matrix is simplified to:
We denote the corresponding Black-Litterman return (BL-return) with BL,hist .
Implementation of He and Litterman [1999]
A different implementation is proposed by He and Litterman [1999] . The elements of view confidence matrix for view k kk are defined such that they equal the historical variances of view k multiplied by scaling factor :
This definition has the advantage that parameter does not need to be specified in the equation for calculating the expected returns according to . However, doing so we make an implicit assumption regarding the relation between confidence matrix HL and parameter . Subsequently, the entries in matrix HL will be much smaller than those in confidence matrix hist , since parameter is less than one. Hence, using the respective BL-return BL,HL , investors' views are given more importance.
EMPIRICAL EXAMINATION
Examination of Methods
In the following, the Black-Litterman model is applied to real capital market data. The maximum number of analysts' forecasts for the whole period among all stocks amounts to 45, the minimum number to two. 13 Exhibit 1 presents an overview of input parameters for the calculation of the expected Black-Litterman returns BL,NE of ten stocks on 12/01/2007. 14 For the purpose of clarity, only ten of 54 respective stocks from the optimization are depicted below.
Furthermore, the assumption of a higher number of analysts' forecasts involving a higher confidence implies that a higher number of analysts' forecasts also results in a lower standard deviation. The first chart shows return differences i,hi i,lo , which enter the calculation of view standard deviations (see Appendix). The higher the return difference, the higher the view standard deviation. The second chart shows view confidence probabilities based on the number of analysts' estimates. A higher number of estimates involves a higher confidence probability of the view. Furthermore, a higher confidence probability leads to a smaller standard deviation, which is displayed in the third chart. Stock 7 has the lowest standard deviation, which results from the low return difference of 7,hi and 7,lo and a high confidence probability of 71 %. In contrast, stock 10 has the highest standard deviation, primarily as a consequence of a high return difference since the confidence probability is moderate. The fourth chart in Exhibit 1 shows equilibrium returns i , mean returns from the dividend forecasts i,mi i,hi i,lo Q / 2 , and the expected BL-return BL,NE , which is calculated from the previous returns according to (5) . There is evidence that expected BL-returns by trend are closer to the expected returns from analysts' dividend forecasts. Stock 10 features a relatively high standard deviation 10 , which is also reflected in the higher deviation between the investors' view return Q and BL-return BL,NE .
Exhibit 1 about here
In Exhibit 2 confidences i are compared between the two introduced approaches. In order to assess all approaches, the performance of the four different methods for the determination of confidence matrix and thereby calculation of BL-returns (number of analysts' fore-casts (NE), Monte-Carlo simulation (MC), historical variance-covariance matrix (hist) , HeLitterman (HL) ) is compared to several benchmark strategies in the following section.
Out-of-Sample Performance Study
In a rolling optimization procedure, monthly out-of-sample returns and the resulting performances are calculated from 02/01/1997 to 01/01/2008. 15 We assume that at a specific time t only past and current data of times t s, , t, with s 0 … are known. Based on this information, the expected returns for time t and the optimal portfolios and benchmark portfolios for the following nine strategies are determined subsequently: expected returns of the dividend discount model mi , BLreturns BL,NE , BL,MC , BL,hist , BL,HL , historical expected returns hist , and a portfolio composed according to a Bayesian estimator. 16 The market portfolio and the equally weighted portfolio also serve as a benchmark.
Expected BL-returns are calculated at each point in time t with current information and analysts' forecasts of time t, as mentioned before. Subsequently, weight vectors are determined with these expected returns and the resulting portfolio compositions are kept fixed for one month from t to t+1. At time t+1, the actual stock returns of this month (period from t to t+1) are multiplied by the specified weight vectors to obtain the portfolio return of every strategy for this month. The riskless interest rate is subtracted from this value, in order to identify real excess out-of-sample portfolio returns for the period from t to t+1. We choose prevalent performance measures to compare and assess the different strategies: Sharpe ratio, Jensen's alpha, Treynor ratio, and certainty equivalent from (1).
The optimizations are accomplished with different restrictions, unconstrained as well as constrained. However, risky asset weights greater than one are allowed. The portion which is invested in the riskless asset amounts to 
Exhibit 4 about here
Three BL-approaches achieve the highest Sharpe ratios. Of these, the introduced BlackLitterman approach -BL,NE -leads to the highest Sharpe ratio with 27.03 % by far. No strategy attains a negative Sharpe ratio, this means that the realized portfolio return on average achieves at least the riskless interest rate. 17 According to the certainty equivalent, the He-Litterman BLapproach outperforms all other strategies and the historical implementation of Black-Litterman comes second. If the strategies are arranged on the basis of Jensen's alpha, the pure historical portfolio outperforms all other strategies and the pure dividend strategy is ranked second. However, only Jensen's alpha of the second strategy is significantly greater than zero at 1 % significance level. The respective Jensen's alpha for the pure dividend discount model and the He-Litterman implementation of the Black-Litterman model are greater than zero at 10 % significance level. According to the Treynor ratio, the portfolio with historical expected returns attains the greatest risk premium per accepted systematic risk. The BL-approach with the number of analysts' forecasts is again on rank two, above the pure dividend approach.
Exhibit 5 about here
Exhibit 5 shows the significances of the Sharpe (upper diagonal) and Treynor (lower diagonal) measure according to the test of Jobson and Korkie [1981] . 18 As we can see, particularly measures of Black-Litterman approaches and the pure dividend discount model differ significantly from each other in comparison to measures of other strategies. Most likely, this is due to the fact that the first five strategies focus on the future, while the other strategies rely on historical data or neither past nor future data. Again Strategy 2 outperforms other strategies at a 5 % significance level.
Exhibit 6 about here
Exhibit 4 shows the performance of strategies for a specified parameter constellation. Of Jensen's alpha and the Treynor ratio again the pure historical strategy performs best. Interestingly, this strategy performs worst according to the certainty equivalent. As can be seen in Exhibit 8 there are not as many significant outperformances according to the Sharpe and Treynor ratio as without short sale constraints.
Exhibit 8 about here
Exhibit 9 shows comparisons of the strategies for all parameter constellations for the optimization with long-only constraints. Again, on average our application of the Black-Litterman model with the number of analysts' forecasts ( BL,NE ) performs best. In 100 of 110 constellations this strategy attains a higher Sharpe ratio than the historical BL-approach, which is the second best approach. All in all, the BL-approach with the historical variance-covariance matrix comes second and the BL-approach according to He-Litterman is ranked on position three. Thus, the good performance of the Black-Litterman approaches is confirmed for constrained optimization. The effect of different views on portfolio weights was analyzed. In our out-of-sample analysis over a period of 132 months, performance measures of the described Black-Litterman approaches and several benchmark portfolios were calculated with real capital market data. Gebhardt, Lee, and Swaminathan [2001] . 9 The maximum number is determined for each stock separately. 10 For robustness, we also tested more simulation runs but the results were stable. 11 The variance-covariance matrix is calculated on the basis of the last 36 points in time (three years) in every point in time. For the computation of the historical means 36 months are used, too. 12 Although a historical variance-covariance matrix on the basis of the last 36 monthly returns could be calculated, the number of shares in the optimization exceeds 36. Thus, the resulting variancecovariance matrix would not be invertible and the optimization could not be applied. Furthermore the estimation error for the estimation of the variance-covariance matrix within the single index model is lower up to a time period of five years compared to the historical variance-covariance matrix. See Briner and Connor [2008] , p. 12. 13 If there is only one analyst forecast, the stock is not contained in the optimization, as there is no standard deviation of the estimations. 14 For the exhibits 1 to 3 is set to 0.21 and to 2. 15 The first optimization already proceeds on 01/01/1997. The optimized portfolios are kept fixed for one month and the first excess return is determined on 02/01/1997. 16 Since some estimators require independent and identically distributed returns, we tested the returns for normality, stationarity, and autocorrelation. Returns which not satisfy the assumptions are removed from the database. 17 The riskless interest rate is represented through the interest rate of government bonds with a maturity of one year. The data are available in the internet at http://www.bundesbank.de/statistik/-statistik_zinsen.php#geldmarkt. 18 The test was rectified by Cadsby [1986] and Memmel [2003] .
